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its theoreticalconvergencerate only for E; > 10~%. Below this value
the error is dominated by the grid nonuniformity [see Eq. (5)], and
each scheme shows similar behavior. For a course grid (N =32)
the change occurs at a higher value of E,. E, also shows similar
behavior (not shown here).

Another property of the approximate operators is the behavior of
the erroratlarge w. Thisis importantbecauseitdeterminesthe range
of spatial scales that can be resolved by the numerical scheme.’ In
Tables 2 and 3 the resolved fraction for 10% error in w’ and w” is
listed, respectively, for the numerical schemes tested. It can clearly
be seen that for stretched grids the spectral-like accuracy of the
compact finite difference schemes has not been maintained. For all
schemes tested, the magnitude of errors is increased substantially.
Itis also found that the higher the scheme order, the larger the error
grows. In COM6 and PADE the accuracy decreases substantially
at y = 3. However, grid nonuniformity decreases the 10% resolved
fraction of CEN2 only marginally. Therefore, as the grid nonuni-
formity increases (y = 3) the benefit of using higher-order schemes
almost disappears. Unlike the higher-order schemes, CEN2 error is
not greatly affected by grid nonuniformity.

IV. Conclusions

The accuracy of higher-order finite difference schemes on a
nonuniformgrid is investigated. Four finite difference schemes that
are widely used in DNS and LES are considered: a sixth-order
compact scheme (COM6), the standard Padé scheme (PADE), the
fourth-order central difference (CEN4), and the second-order cen-
tral difference (CEN2). Two types of nonuniform grid are tested:
hyperbolic-sine and hyperbolic-tangentgrids. The grid quality has
strongereffects on the higher-ordercompact schemes than on CEN4
and CEN2. It is found that CEN2 scheme is highly insensitive to
grid quality, justifying its popularity in engineering computational
fluid dynamics. The accuracy deterioration of higher-order com-
pact schemes with low grid density is observed. Unlike CEN2,
such schemes use broad information to evaluate derivatives. Con-
sequently, higher-order schemes are more sensitive to grid quality.
Although we considered two types of nonuniform grid, the findings
of the present work can be generally extended to nonuniform grids
where we can find a smooth mapping function.
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Nomenclature

= Boltzmann constant

last vibrational level

Mach number, molecular weight

translational temperature

= vibrational temperature for which population densities
correspond to a Boltzmann distribution

vibrational quantum numbers

Cartesian coordinates

equilibrium fractional population in state v

quantum level energy

density of species s

state density in the vth vibrational level

deviation of last vibrational level, the dissociating state
Oy = deviation of quasisteady distribution from an
equilibrium Boltzmann distribution
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Subscripts
i, j = speciesindicesin quantum levels v, w
s = species Oy, N, O, N
v = vibrational level
Introduction

HE kinetics of thermal dissociation has long been a topic of

theoretical research because of the difficulty of reconciling the
measured rates. Current kinetic processes associated with recon-
ciling the disparity include depletion effects from the upper vibra-
tional levels and possible effects of rotational energy on the disso-
ciation mechanism. Early attempts by Hammerling et al.' to model
vibration—dissociation coupling (CVD) used a simple harmonic os-
cillator assumption for the vibrational energy resulting in the vi-
brational population relaxing through a sequence of Boltzmann
distributions. The coupled vibration—dissociation (CVDV) model
of Treanor and Marrone? extended the CVD model to account for
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the removal of vibrational energy by dissociation and favored the
weak bias mechanism later, to consistently account for the incuba-
tion time. Marrone® introduced an additional factor in this model
to make the probability of dissociation an increasing function of
the vibrational quantum number. Based partly on these studies, an
empirical two-temperature vibration—dissociation model was pro-
posed by Park.* Its ease of implementation in numerical codes and
good agreement with experimental data for radiative energy flux’
made the model very popular for vibration-dissociation coupling
in hypersonic aerodynamic flows. In some recent studies, however,
the treatment of vibration—dissociation coupling using Park’s two-
temperature dissociation model yielded up to 20% lower shock-
standoffdistancescompared to datafor blunt-bodyflows (see Refs. 6
and 7) in the Mach-numberrange of 11-16.

In the work of Josyula and Bailey’ the collisional approach to
dissociation was adapted in the study of reactive, hypersonic flow
past a blunt body. In this study the vibrational master equations
were coupled to fluid dynamic equations, and vibration—translation
(V-T) processes were considered in evaluating the depletion effects
caused by dissociation from the last quantum level for diatomic
nitrogen. The current work presents the vibration—-dissociationcou-
pling model by evaluatingthe depletioneffectsin oxygenand makes
direct comparisons with experiment. By restricting vibrational ex-
changesto V-T transfers,an upperbound on the populationdepletion
in the vibrationmanifold and consequentdissociationrate reduction
is established for hypersonic blunt body flow conditions.

Analysis

The governing equations of mass, momentum, and energy of the
hypersonic flow are the Navier—Stokes equations with source term
for the chemical species as described in Ref. 8. The vibrational
energy for the diatomic species of oxygen and nitrogen is calcu-
lated using the Landau-Teller method.” However, the vibrational—
dissociation coupling model for oxgyen dissociation adopts an an-
harmonic oscillator description with vibrational energy given by

Cyiby = &éz (D

212, Ps

Here, p;/ps is the fractional population of the ith vibrational level
and ¢; the quantum level energy given by the third-order approxi-
mating formula:

& /he = ,(i — 1) — o (i — 1) + o (i - )
i=12...L+1 (2

where h is the Planck’s constant and ¢ is the speed of light.
The spectroscopic constants for the O, molecules are given by!°
w, =1580.19cm™!, w,x, =11.98cm™!, and w,y, = 0.04740cm™~".
Wheni =37, the value of energyexceedsthe O, dissociationenergy,
5.12eV.

Dissociation Kinetics

For the present simulations of an airflow past the blunt body,
the maximum temperature of the shock was below 5000 K. Un-
der these circumstances the dominant dissociation reaction is
0O, +M = 20 + M. The equilibriumreaction rates and equilibrium
constants were taken from the work of Park.!! Chemical source
terms consisted of dissociationrates determined from the Arrhenius
equation and recombinationrates, derived from the law of mass ac-
tion. The equilibriumdissociationrates for oxygen given in Ref. 11
were modified by the present vibration-dissociationcouplingmodel
to yield the nonequilibriumdissociationrates.

Vibration-Dissociation Coupling

This section presents the kinetic equations describing the
dissociative-relaxationcoupling by considering the balance equa-
tions for the number of particles in each vibrational level. The

approach is an extension of the original formulation of Osipov and
Stupochenko.'? The state-specific rate equations for the vibrational
states are written as

b= [kvr@ = v)pupo, = kvt = V)pupg, |

v

+ ko) Po, = kavPyPo, s v=0,1,...L (3
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Here p, is the mass densityin level v; k,; _, , and k, _, ,» are the V-T
rate coefficients for vibrational transitions to occur from v’ — v
and v — v'; kg, and k., are the rate constants for dissociation/
recombination in transition from/to vibrational state v to/from con-
tinuum; o, is the total mass density of oxygen; and L is the last
discrete vibrational level of the molecule. Note that

L
> pu=n,,
v=0

The mass density in vibrational state v is then given by
pu(®) = p" (D1 + ¢,) &)

The deviation coefficient ¢, in the simplest case of single-quantum
energy transitions and dissociationrestricted to the last discrete vi-
brational level is given by

i—1
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Here lzdiss is the global rate of the dissociationreaction. The I', term
is given by
—€,/ kT
r, = — SXPCa/kD) o
ZD, -0 exp(—e, /kT)

The ¢, term, the deviation for the ground vibrational level, is deter-
mined from the normalization condition for Eq. (5):

XL: g, =0
v=0

From this condition it follows that
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where ¢, = ¢, — @o.

Conditions of Numerical Simulation

Simulations were performedon an axisymmetricblunt-body flow
to study the effect of vibration—dissociation coupling with special
attention to the rate of depletion. This particular assessment was
motivated by the inability of the Park two-temperature dissociation
model to predict the shock-standoffdistance correctly5-’

The bluntbody had ahemispherenose forebodyof radius 0.007 m.
For a Mach 11.18 airflow the freestream equilibrium temperature
was 293 K and the pressure 1200 Pa. The numerical algorithm
employed to solve the coupled set of equations is the Roe flux-
difference method described in Ref. 13. The upstream and far-field
boundary conditions were prescribed as the undisturbed freestream
values. At the downstream boundary the no-change condition was
imposed for the predominantly supersonic flowfield. On the body
surface n - u is zero, where n is the surface normal vector. The finite
volume formulation of the present work allows fluxes at the singular
line of symmetry to be set to zero because the control surface of the
elementary cell at the axis of symmetry merges to a point. Initial
conditions were set to freestream uniform flow conditions.
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Results and Discussion

The physics of the state-to-state vibration—dissociation coupling
model and its effect on hypersonic blunt-body flow predictions are
presented next.

Vibration-Dissociation Coupling

The ratio of nonequilibriumto equilibrium populationin the last
vibrationalstate 1 + ¢, is shownin Fig. 1. The departure from equi-
librium decreases with temperature. At lower gas temperatures in
the flowfield (for which oxygen dissociation takes place), the ef-
fect of depletion of vibrational population can be significant with
the nonequilibrium dissociation rate being reduced by this factor.
The depletion was calculated consideringdissociationto occur only
from the last level. In addition, the depletion analysis was restricted
to include only V-T exchanges and only V-T exchanges with par-
ent O, molecule. The accelerating influence of vibration—vibration
exchangesand V-T exchangeswith the dissociationproducts was ne-
glected. Taken together, these restrictions establish an upper bound
on the depletion in the vibration manifold.

Comparison with Experiment

The experimental data and computational results of shock-
standoff distance are in Fig. 2. The computations neglecting de-
pletion effects, presented here for comparison, were discussed
in an earlier paper.” The traces corresponding to the idealized
conditions of equilibrium and y =% (frozen flow) are also pre-
sented for reference. For velocities less than 3000 m/s, the shock-

10°

10"

107

10°

Ratio of Nonequilibrium to Equilibrium Population

10-4 L T T S R N} T I T T |
2000 4000 6000 8000 10000
Temperature (K)

Fig. 1 Nonequilibrium-to-equilibrium population ratio in the last
vibrational state for Park’s dissociation model.
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Fig. 2 Comparison of shock-standoff distances for flow past a blunt
body: medium = air, test condition radius = 0.007 m.

standoff distances are consistent with frozen flow conditions, and
vibration—dissociation models, without depletion effects, are
deemed adequate. However at higher flow velocitiess discussed
in the earlier paper,'* simulations failing to account for the de-
pletion deviate about 20% from experiment. This deviation is at-
tributable to the excessive dissociation rates predicted by the Park
two-temperature dissociation model. In contrast, the present com-
putation, which includes the depletion effects, corrects this overes-
timate of the rates and predicts a reduced shock-standoff distance
that is more consistent with the experimental data (Fig. 2).

Conclusions

A computationalstudy was conducted for nonequilibriumhyper-
sonic flow pasta hemispherecylinder. A new vibration—dissociation
coupling model was implemented to assess the extent of the de-
pletion of vibrational population and dissociation rate reduction.
The reduction in the equilibrium dissociation rates of oxygen in
the temperature range of 2000-10,000 K was quantified. In the
lower temperature range the rates were substantially reduced com-
pared to those of Park’s two-temperature dissociation model, but
the rates were consistent with Park’s rates at the high end. For
temperature range of 2000-6000 K, where oxygen dissociation
is important in hypersonic flight, the rate reduction was more
than two orders of magnitude. For a Mach 11.18 airflow past a
blunt body, the Park two-temperature dissociationmodel underpre-
dicts experimental shock-standoff distance by 20%. The present
vibration—dissociation model yields results more consistent with
the data and provides an upper bound on depletionin the vibrational
manifold.

References

lHammerling, P., Teare, J., and Kivel, B., “Theory of Radiation from
Luminous Shock Waves in Nitrogen,” Physics of Fluids, Vol. 2, No. 4, 1959,
pp. 422-426.

2Treanor, C., and Marrone, P., “Effect of Dissociation on the Rate
of Vibrational Relaxation,” Physics of Fluids, Vol. 5, No. 9, 1962,
pp- 1022-1026.

3Marrone, P., “Inviscid Nonequilibrium Flow Behind Bow and Nor-
mal Shock Waves, Part I. General Analysis and Numerical Examples,”
Cornell Aeronautical Lab., Tech. Rept. QM-1626-A-12(I), Buffalo, NY,
May 1963.

4Park, C., Nonequilibrium Hypersonic Aerothermodynamcis, Wiley, New
York, 1990, p. 114.

SPark, C., “Assessment of Two-Temperature Kinetic Model for Ionizing
Air,” ATAA Paper 87-1574,1987.

®Furudate, M., Nonaka, S., and Sawada, K., “Behavior of Two-
Temperature Model in Intermediate Hypersonic Regime,” Journal of Ther-
mophysics and Heat Transfer, Vol. 13, No. 4, 1999, pp. 424-430.

7Josyula, E., and Bailey, W. F., “Vibration-Dissociation Coupling Us-
ing Master Equations in Nonequilibrium Hypersonic Blunt-Body Flow,”
Journal of Thermophysics and Heat Transfer, Vol. 15, No. 2, 2001,
pp- 157-167.

SJosyula, E., and Bailey, W., “The Physics of Vibration-Dissociation Cou-
pling in Hypersonic Flows,” AIAA Paper 2001-2733, June 2001.

9Landau, L., and Teller, E., “Zur Theorie der Schalldispersion,”
Physikalische Zeitschrift der Sowjetunion, Vol. 10, No. 1, 1936,
pp. 34-43.

10Huber, K., and Herzberg, G., Constants of Diatomic Molecules, Rein-
hold, New York, 1979.

park, C., “On Convergence of Computation of Chemically Reacting
Flows,” ATAA Paper 85-0247, Jan. 1985.

IZOsipov, A. L, and Stupochenko, E., “Kinetics of the Thermal Dissoci-
ation of Diatomic Molecules I. Small Impurity of Diatomic Molecules in a
Monoatomic Inert Gas,” Combustion, Explosion and Shock Waves, Vol. 10,
No. 3, 1974, pp. 303-313.

13Josyula, E., “Computational Study of Vibrationally Relaxing Gas past
Blunt Body in Hypersonic Flows,” Journal of Thermophysics and Heat
Transfer, Vol. 14, No. 1, 2000, pp. 18-26.

4Josyula, E., “Oxygen Atoms’ Effect on Vibrational Relaxation of Ni-
trogen in Blunt-Body Flows,” Journal of Thermophysics and Heat Transfer,
Vol. 15, No. 1, 2001, pp. 106-115.

R. P. Lucht
Associate Editor



