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its theoreticalconvergencerate only for E1 ¸ 10¡4. Below this value
the error is dominated by the grid nonuniformity [see Eq. (5)], and
each scheme shows similar behavior. For a course grid (N D 32)
the change occurs at a higher value of E1 . E2 also shows similar
behavior (not shown here).

Another property of the approximateoperators is the behaviorof
the errorat largew. This is importantbecauseit determinesthe range
of spatial scales that can be resolved by the numerical scheme.5 In
Tables 2 and 3 the resolved fraction for 10% error in w0 and w00 is
listed, respectively, for the numerical schemes tested. It can clearly
be seen that for stretched grids the spectral-like accuracy of the
compact � nite difference schemes has not been maintained. For all
schemes tested, the magnitude of errors is increased substantially.
It is also found that the higher the scheme order, the larger the error
grows. In COM6 and PADE the accuracy decreases substantially
at ° D 3. However, grid nonuniformity decreases the 10% resolved
fraction of CEN2 only marginally. Therefore, as the grid nonuni-
formity increases (° D 3) the bene� t of using higher-orderschemes
almost disappears.Unlike the higher-order schemes, CEN2 error is
not greatly affected by grid nonuniformity.

IV. Conclusions
The accuracy of higher-order � nite difference schemes on a

nonuniformgrid is investigated.Four � nite difference schemes that
are widely used in DNS and LES are considered: a sixth-order
compact scheme (COM6), the standard Padé scheme (PADE), the
fourth-order central difference (CEN4), and the second-order cen-
tral difference (CEN2). Two types of nonuniform grid are tested:
hyperbolic-sineand hyperbolic-tangentgrids. The grid quality has
strongereffectson the higher-ordercompact schemes than on CEN4
and CEN2. It is found that CEN2 scheme is highly insensitive to
grid quality, justifying its popularity in engineering computational
� uid dynamics. The accuracy deterioration of higher-order com-
pact schemes with low grid density is observed. Unlike CEN2,
such schemes use broad information to evaluate derivatives. Con-
sequently, higher-order schemes are more sensitive to grid quality.
Although we considered two types of nonuniformgrid, the � ndings
of the present work can be generally extended to nonuniform grids
where we can � nd a smooth mapping function.
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Nomenclature
k = Boltzmann constant
L = last vibrational level
M = Mach number, molecular weight
T = translational temperature
Tv = vibrational temperature for which population densities

correspond to a Boltzmann distribution
v, w = vibrational quantum numbers
x , y = Cartesian coordinates
0v = equilibrium fractional population in state v
² = quantum level energy
½s = density of species s
½v = state density in the vth vibrational level
’L = deviation of last vibrational level, the dissociating state
’v = deviation of quasisteady distribution from an

equilibrium Boltzmann distribution

Subscripts

i , j = species indices in quantum levels v, w
s = species O2, N2 , O, N
v = vibrational level

Introduction

T HE kinetics of thermal dissociation has long been a topic of
theoretical research becauseof the dif� culty of reconciling the

measured rates. Current kinetic processes associated with recon-
ciling the disparity include depletion effects from the upper vibra-
tional levels and possible effects of rotational energy on the disso-
ciation mechanism. Early attempts by Hammerling et al.1 to model
vibration–dissociationcoupling (CVD) used a simple harmonic os-
cillator assumption for the vibrational energy resulting in the vi-
brational population relaxing through a sequence of Boltzmann
distributions. The coupled vibration–dissociation (CVDV) model
of Treanor and Marrone2 extended the CVD model to account for
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the removal of vibrational energy by dissociation and favored the
weak bias mechanism later, to consistently account for the incuba-
tion time. Marrone3 introduced an additional factor in this model
to make the probability of dissociation an increasing function of
the vibrational quantum number. Based partly on these studies, an
empirical two-temperature vibration–dissociation model was pro-
posed by Park.4 Its ease of implementation in numerical codes and
good agreement with experimental data for radiative energy � ux5

made the model very popular for vibration–dissociation coupling
in hypersonicaerodynamic � ows. In some recent studies, however,
the treatment of vibration–dissociation coupling using Park’s two-
temperature dissociation model yielded up to 20% lower shock-
standoffdistancescomparedto data forblunt-body� ows (see Refs. 6
and 7) in the Mach-number range of 11–16.

In the work of Josyula and Bailey7 the collisional approach to
dissociation was adapted in the study of reactive, hypersonic � ow
past a blunt body. In this study the vibrational master equations
were coupled to � uid dynamic equations, and vibration–translation
(V-T) processes were considered in evaluating the depletion effects
caused by dissociation from the last quantum level for diatomic
nitrogen.The current work presents the vibration–dissociationcou-
plingmodel by evaluatingthe depletioneffectsin oxygenand makes
direct comparisons with experiment. By restricting vibrational ex-
changesto V-T transfers,anupperboundon thepopulationdepletion
in the vibrationmanifold and consequentdissociationrate reduction
is established for hypersonic blunt body � ow conditions.

Analysis
The governing equations of mass, momentum, and energy of the

hypersonic � ow are the Navier–Stokes equations with source term
for the chemical species as described in Ref. 8. The vibrational
energy for the diatomic species of oxygen and nitrogen is calcu-
lated using the Landau–Teller method.9 However, the vibrational–
dissociation coupling model for oxgyen dissociation adopts an an-
harmonic oscillator description with vibrational energy given by

evibs D
X

i D 1;2;::

½i

½s
²i (1)

Here, ½i =½s is the fractional population of the i th vibrational level
and ²i the quantum level energy given by the third-order approxi-
mating formula:
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where h is the Planck’s constant and c is the speed of light.
The spectroscopic constants for the O2 molecules are given by10

!e D 1580.19cm¡1, !exe D 11.98 cm¡1, and !e ye D 0.04740 cm¡1.
When i D 37, thevalueof energyexceedstheO2 dissociationenergy,
5.12 eV.

Dissociation Kinetics
For the present simulations of an air� ow past the blunt body,

the maximum temperature of the shock was below 5000 K. Un-
der these circumstances the dominant dissociation reaction is
O2 C M *) 2O C M. The equilibriumreaction rates and equilibrium
constants were taken from the work of Park.11 Chemical source
terms consistedof dissociationrates determined from the Arrhenius
equation and recombinationrates, derived from the law of mass ac-
tion. The equilibriumdissociationrates for oxygen given in Ref. 11
were modi� ed by the presentvibration–dissociationcouplingmodel
to yield the nonequilibriumdissociation rates.

Vibration–Dissociation Coupling
This section presents the kinetic equations describing the

dissociative-relaxationcoupling by considering the balance equa-
tions for the number of particles in each vibrational level. The

approach is an extension of the original formulation of Osipov and
Stupochenko.12 The state-speci�c rate equations for the vibrational
states are written as
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Here ½v is the mass density in level v; kv0 ! v and kv ! v 0 are the V-T
rate coef� cients for vibrational transitions to occur from v0 ! v
and v ! v0; kdv and krv are the rate constants for dissociation/
recombination in transition from/to vibrational state v to/from con-
tinuum; ½O2

is the total mass density of oxygen; and L is the last
discrete vibrational level of the molecule. Note that

LX

v D 0

½v D ½O2

The mass density in vibrational state v is then given by

½v.t/ D ½ .0/
v .t/.1 C ’v/ (5)

The deviation coef� cient ’v in the simplest case of single-quantum
energy transitions and dissociation restricted to the last discrete vi-
brational level is given by
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Here Qkdiss is the global rate of the dissociationreaction.The 0v term
is given by

0v D exp.¡²v=kT /
PL

v0 D 0 exp.¡²v0 =kT /
(7)

The ’0 term, the deviation for the ground vibrational level, is deter-
mined from the normalization condition for Eq. (5):

LX

v D 0

½.0/
v ’v D 0

From this condition it follows that

¡’0 D 1
½O2
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v D 1

½ .0/
v Q’v (8)

where Q’v D ’v ¡ ’0 .

Conditions of Numerical Simulation
Simulationswere performedon an axisymmetricblunt-body� ow

to study the effect of vibration–dissociation coupling with special
attention to the rate of depletion. This particular assessment was
motivated by the inability of the Park two-temperature dissociation
model to predict the shock-standoffdistance correctly.6;7

The bluntbodyhada hemispherenoseforebodyof radius0.007m.
For a Mach 11.18 air� ow the freestream equilibrium temperature
was 293 K and the pressure 1200 Pa. The numerical algorithm
employed to solve the coupled set of equations is the Roe � ux-
difference method described in Ref. 13. The upstream and far-� eld
boundary conditionswere prescribed as the undisturbed freestream
values. At the downstream boundary the no-change condition was
imposed for the predominantly supersonic � ow� eld. On the body
surface n ¢ u is zero, where n is the surface normal vector. The � nite
volume formulationof the presentwork allows � uxes at the singular
line of symmetry to be set to zero because the control surface of the
elementary cell at the axis of symmetry merges to a point. Initial
conditions were set to freestream uniform � ow conditions.
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Results and Discussion
The physics of the state-to-state vibration–dissociation coupling

model and its effect on hypersonic blunt-body � ow predictions are
presented next.

Vibration–Dissociation Coupling
The ratio of nonequilibriumto equilibrium population in the last

vibrationalstate 1 C ’L is shown in Fig. 1. The departure from equi-
librium decreases with temperature. At lower gas temperatures in
the � ow� eld (for which oxygen dissociation takes place), the ef-
fect of depletion of vibrational population can be signi� cant with
the nonequilibrium dissociation rate being reduced by this factor.
The depletionwas calculatedconsideringdissociationto occur only
from the last level. In addition, the depletion analysis was restricted
to include only V-T exchanges and only V-T exchanges with par-
ent O2 molecule. The accelerating in� uence of vibration–vibration
exchangesandV-Texchangeswith thedissociationproductswas ne-
glected. Taken together, these restrictionsestablish an upper bound
on the depletion in the vibration manifold.

Comparison with Experiment
The experimental data and computational results of shock-

standoff distance are in Fig. 2. The computations neglecting de-
pletion effects, presented here for comparison, were discussed
in an earlier paper.7 The traces corresponding to the idealized
conditions of equilibrium and ° D 7

5 (frozen � ow) are also pre-
sented for reference. For velocities less than 3000 m/s, the shock-

Fig. 1 Nonequilibrium-to-equilibrium population ratio in the last
vibrational state for Park’s dissociation model.

Fig. 2 Comparison of shock-standoff distances for � ow past a blunt
body: medium = air, test condition radius = 0.007 m.

standoff distances are consistent with frozen � ow conditions, and
vibration–dissociation models, without depletion effects, are
deemed adequate. However at higher � ow velocitiess discussed
in the earlier paper,14 simulations failing to account for the de-
pletion deviate about 20% from experiment. This deviation is at-
tributable to the excessive dissociation rates predicted by the Park
two-temperature dissociation model. In contrast, the present com-
putation, which includes the depletion effects, corrects this overes-
timate of the rates and predicts a reduced shock-standoff distance
that is more consistent with the experimental data (Fig. 2).

Conclusions
A computationalstudy was conducted for nonequilibriumhyper-

sonic � ow past a hemispherecylinder.A new vibration–dissociation
coupling model was implemented to assess the extent of the de-
pletion of vibrational population and dissociation rate reduction.
The reduction in the equilibrium dissociation rates of oxygen in
the temperature range of 2000–10,000 K was quanti� ed. In the
lower temperature range the rates were substantially reduced com-
pared to those of Park’s two-temperature dissociation model, but
the rates were consistent with Park’s rates at the high end. For
temperature range of 2000–6000 K, where oxygen dissociation
is important in hypersonic � ight, the rate reduction was more
than two orders of magnitude. For a Mach 11.18 air� ow past a
blunt body, the Park two-temperaturedissociationmodel underpre-
dicts experimental shock-standoff distance by 20%. The present
vibration–dissociation model yields results more consistent with
the data and providesan upper boundon depletion in the vibrational
manifold.
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